We provide numerical evidence in favor of spontaneous chiral symmetry breaking in the Mott phase of three-component fermions on the triangular lattice, that we describe by an SU(3) symmetric Hubbard model with hopping t and on-site interactions U . Our approach relies on effective models derived in the strong-coupling limit in powers of t/U for general SU(N ) and arbitrary flux, which are studied using exact diagonalization and variational Monte Carlo simulations for N = 3. Up to third order in t/U , there is a large chiral phase that encompasses a range of real ring exchange where time-reversal is spontaneously broken. For the Hubbard model, this phase is stabilized below U/t 13, as revealed by including higher-order effects. How to realize it with ultra cold atoms without artificial gauge fields is briefly discussed.
Quantum spin liquid phases are unconventional states of matter that have gained a lot of attention in the last decades due to their fascinating properties and possible applications in quantum devices like quantum computers [1] . From a theoretical point of view they are expected to emerge in strongly-correlated systems, for instance in Mott insulating phases. The recent progress in experiments with ultra cold atoms in optical lattices opens the exciting new possibility to simulate a broad variety of such quantum models [2] . The optical lattice allows one to adjust the lattice type as well as the interaction strength, which can be enlarged sufficiently to reach the Mott phase [3] [4] [5] . Furthermore, a synthetic gauge field (the analog of magnetic flux in electronic systems) can be imposed [6, 7] . The fundamental degrees of freedom can be adjusted by the choice of atom type. In particular fermionic alkaline rare earth atoms provide an SU(N ) symmetric spin degree of freedom with N ≤ 10, because of an almost perfect decoupling between nuclear spin and electronic angular momentum [8] [9] [10] [11] [12] . This new possibility to realize SU(N ) symmetric Hubbard models within the Mott phase [4, 5] creates a strong motivation for further theoretical investigations to name potential realistic hosts of quantum spin liquid phases.
In this Letter, we focus on chiral spin liquids (CSL), which are defined by breaking parity and time-reversal symmetry, but not their product [13] . For SU (2) , a CSL has been recently discovered for the spin-1/2 Heisenberg kagome antiferromagnet when specific values of second and third neighbor interactions are considered [14] [15] [16] . For SU(N ), CSL phases were first discovered in a large N limit on the square lattice [13, 17] . For SU(3) symmetric fermions on the frustrated triangular lattice a number of studies were performed for the J-K model [18] [19] [20] [21] . This spin model includes nearest-neighbor Heisenberg interaction J as well as three-site ring exchange K on every triangle. Besides the conventional three-sublattice long-range ordered (3-SL LRO) phase [22, 23] , a d x + id y CSL with spontaneous time-reversal symmetry breaking was predicted by variational Monte Carlo (VMC) for real K 0.6 [18] . However the uniform π/3-flux and 2π/3-flux CSL states were not considered and a later meanfield study found that they are favored energetically for 0.41 K 6.0 and K 6.0 respectively [20] . For the J-K model with purely imaginary ring exchange, hence explicitly broken time-reversal symmetry, the presence of CSL phases has been confirmed for all 2 < N < 10 by exact diagonalization (ED) and VMC [21] . However, whether this phase exists for the full range of complex ring exchanges, including the most interesting case of real ring exchange where the time-reversal symmetry would be spontaneously broken, is not known. Besides, with respect to experiments, the most relevant open question is whether the CSL phases are also present in the SU(3) Hubbard model, for which the J −K model only provides a reliable description at very strong coupling.
The SU(N ) Hubbard model with uniform flux is defined by the Hamiltonian H = −t where the phases φ ij around each triangle add up to the flux Φ. In the strong-coupling limit with an average of one particle per site the system is in a Mott insulating phase, and the effective description up to third-order in t/U is given by the J-K model defined by the Hamiltonian
where the first sum runs over all nearest neighbor sites, the second sum over all triangles of the lattice, the trans- position operator P ij exchanges the states on sites i and j, and the operator P ijk is a ring exchange operator that cyclically permutes the states on the sites i,j, and k. The coupling constants are J = 2t
The phase diagram of this model is shown in Fig. 1 for |K|/J ≤ 0.5 and complex phases of the three-site ring exchange ϕ ∈ [0, π]. At this order, the complex phase equals the flux through an elementary plaquette in the Hubbard model. This phase diagram has been determined using two independent numerical methods: (i) ED on clusters with periodic boundary conditions (PBC) on 12 and 21 sites exploiting the full SU(3) symmetry [24] . The symmetry sectors correspond to irreducible representations (irreps) of SU(N ) described by Young tableaux; (ii) VMC calculations of different Gutzwiller projected fermionic parton wave functions [25] [26] [27] , a method known to be efficient in identifying spin liquid phases [21, 28, 29] . We considered multiple color and plaquette ordered phases, as well as chiral liquid phases with various fluxes per triangular plaquette in the tightbinding model [13, 19, 20] . A detailed list of the considered scenarios and variational parameters is given in the Supplementary Material. We carried out these calculations on a 36-site system as some of the variational hopping configurations are incompatible with the 21-site cluster. We then made calculations on 21 sites for the energetically most favored states including higher order interactions and considering the overlap between variational states with different twisted boundary conditions [21, 30, 31] to offer a better comparison with ED results.
According to both methods, for small |K|/J the 3-SL LRO [22, 23] is present for all values of ϕ shown as white area in Fig. 1 . It dominates the phase diagram for ferromagnetic ring exchange with ReK/J < 0 as long as ImK/J is not too strong. For the purely imaginary case a phase transition to the π/3-flux CSL phase (yellow area) emerges [21] . We find that this CSL remains stable for a wide range of phases including the purely real case at ϕ = π, where the model is symmetric under timereversal.
The logic we used to map out the phase diagram is best explained by following a characteristic energy spectrum with constant |K|/J = 0.37 (gray semi-circle in Fig. 1 ). The evolution of the spectrum as a function of ϕ is shown in Fig. 2 both for ED (left) and VMC (right). For small values of the phase ϕ, the ground state in ED lies in the singlet sector (blue circles), whereas the first excited state (black circles) belongs to the irrep 8. This signals a tower of states that occurs in long-range ordered phases [32, 33] . Since this signature is adiabatically connected to the Heisenberg point K = 0, we identify this part of the phase diagram with 3-SL LRO [22, 23, 33] . This ordered phase extends up to ϕ ≈ π/2, where the spectrum exhibits a level crossing of the first excited state so that the first excitation (red circles) lies in the singlet sector and is two-fold degenerate for larger values of ϕ < π. As a consequence, a manifold of three low-lying states emerges consisting of the non-degenerate ground state (blue circles) and this two-fold degenerate first-excited state (red circles). On a torus, this is characteristic of a topologically ordered CSL when time-reversal symmetry is explicitly broken [13] . We therefore use the presence of these three low-energy states as the indicator for such a CSL in ED. For the specific case ϕ = π/2, the same CSL has been found in Ref. [21] . The fidelity of this identification depends on the energy splitting within the manifold compared to the energy gap to the other excited states, which is a consequence of the finite cluster size. On the 21-site cluster, the splitting of the manifold becomes smaller and the energy gap to higher excited states becomes larger with increasing values of ϕ > π/2 deeper in the CSL phase. A quantitative finite-size scaling cannot be performed since larger clusters are currently not within reach with ED. Nevertheless, the comparison with the smaller 12-site cluster confirms our identification of the CSL: the splitting is larger and the gap smaller (see Supplementary Materials). Finally, we discuss the particularly important case ϕ = π where time-reversal symmetry is not explicitly broken. Here we observe a manifold of six low-lying states, since another set of three states drops down close to ϕ = π. These three states are exactly the time-reversal counterparts of the three-fold manifold present for ϕ < π. The resulting six low-energy states consist of a non-degenerate ground state (blue circles), a four-fold degenerate first-excited state (red circles), and a non-degenerate second-excited state (green circles).
These findings are fully confirmed by VMC, which gets the same sequence of ground states, i.e. 3-SL LRO (brown line) for 0 ≤ ϕ 0.28π and a CSL (blue, red and green lines) for larger values of the flux. We note that the critical phase 0.28π is smaller than in ED which is due to the fact that the 3-SL LRO state is captured less accurately within the VMC. However, the low-energy states show the same degeneracies and symmetries in VMC and ED. This holds in particular for the three-fold manifold of the CSL for ϕ < π as well as for the six-fold manifold at ϕ = π where time-reversal symmetry is spontaneously broken. The ground-state phase diagrams of ED and VMC therefore agree in all qualitative aspects for the J-K model. In particular they both indicate the presence of a CSL with spontaneous breaking of time-reversal symmetry.
Next we turn to the question whether the above findings are also present in the Mott phase of the corresponding Hubbard model (1). Most importantly, we aim at clarifying if the Hubbard model realizes a CSL where time-reversal symmetry is spontaneously broken. We therefore focus on the case Φ = π along the antiferromagnetic line of the model. In the limit of small values of t/U the Mott phase is well described by the leading nearest-neighbor Heisenberg model stabilizing the 3-SL LRO. With increasing t/U , the next subleading interaction, the third-order K-term, triggers a phase transition to the CSL for large enough fluxes. At Φ = π the ED critical value is K/J ≈ 0.31, corresponding to t/U ≈ 0.064 taking the bare third-order series. In the following we show that higher-order contributions do not prevent the occurrence of the CSL phase at Φ = π, and that the critical value remains similar.
First, let us explain the derivation and the nature of the effective model for the Mott phase of a general SU(N ) Hubbard model at a commensurate 1/N filling. To this end we perform perturbation theory about the strongcoupling limit t = 0 where unperturbed ground states correspond to all product states with exactly one particle per site. The degeneracy of these states is N n with the number of sites n. The quantum fluctuations are induced by the hopping part of the Hubbard model which is treated as a perturbation. Technically, we exploit the linked-cluster theorem using white graphs [34] and we perform degenerate perturbation theory on finite linked clusters [35] [36] [37] [38] [39] . A link between two sites of a cluster is created by the perturbation, which physically corresponds to a hopping of a fermion on these sites. A finite cluster is called linked when each site of the cluster is connected with all other sites via a set of links. We find that in order k only linked clusters with up to k sites contribute which restricts the maximum number of colors to k. Therefore, in order k, only N ≤ k has to be considered for the derivation of the effective model for all N . The resulting exchange interactions on each linked cluster are then embedded in the infinite system yielding the effective low-energy model in the thermodynamic limit. The detailed derivation can be found in the Supplementary Materials.
We determined the effective low-energy SU(N ) model up to order five in t/U for arbitrary fluxes Φ. The effective Hamiltonian in its generic form can be expressed with permutation operators acting on all possible sets of sites in units of U as
where the coupling constants depend on t/U and Φ. In fifth-order perturbation theory the effective description contains 13 different types of exchange interactions involving permutations on up to five sites (see Supplementary Materials).
Next we analyze (3) for the specific case N = 3 on the triangular lattice. For small t/U the couplings up to third order are dominant, hence the J-K model is well converged. With increasing t/U the convergence depends non-trivially on the flux Φ. Whenever possible, we have performed Padé extrapolations [40] of the coupling constants A ij , B ijk , ... to enhance the validity range of the effective model (3) (see Supplementary Materials). The convergence of the series and the associated extrapolation works particularly well for the most interesting case Φ = π. The largest coupling constants of the effective model for that case are shown order by order as a function of t/U in Fig. 3 . The most important subleading corrections to the nearest-neighbor Heisenberg term correspond to ring exchanges around triangles, squares, and 5-site trapezoids. For Φ = π the phase transition in the J-K model occurs at |K|/J ≈ 0.31 which translates to t/U ≈ 0.09 in bare fifth-order. Interestingly, this critical value changes only slightly to t/U ≈ 0.1 when applying Padé extrapolations to the couplings J and K (see Supplementary Materials). For both couplings several Padé extrapolants give essentially the same result in this t/Uregime so that the extrapolations work well for the most important interactions of the effective model (see also the inset in Fig. 3 ). The small difference between the critical ratios from bare series and extrapolation within the J-K model indicates that even the bare series is almost converged up to these t/U values for the couplings J and K.
Since the impact of all the other smaller terms is not obvious a priori, we study the effective fifth-order model explicitly using ED and VMC. The energy spectrum of the full effective model for flux Φ = π on the 21-site cluster is shown in the right panel of Fig. 4 . As expected, the signature of a tower of states in ED and a 3-SL LRO ground state in VMC are present for small values of t/U . More importantly, we detect the same manifold of six low-lying states with respect to degeneracies and symmetries for t/U 0.075 (or equivalently U/t 13) as in the J-K model shown in the left panel of Fig. 4 . These findings point to the existence of a CSL phase with spontaneous breaking of time-reversal symmetry in the SU(3) Hubbard model on the triangular lattice. The manifold of six low-lying states is not very well separated from the excited states in ED, but the tendency between 12 and 21 sites is clear. The low-energy spectra exhibit similar states, but on the 12-site cluster the manifold of six states is intertwined by an excited state in contrast to the 21-site cluster (see Supplementary Materials). Hence, increasing the system size strengthens the signature of the CSL phase, as for the J-K model. Let us discuss our findings for the specific case Φ = π in the context of the full phase diagram. The quality of convergence depends non-trivially on the flux and we do not find a convincing convergence around Φ ≈ 0.75π. This comes from cancellation effects between different perturbative orders: a lower-order term can be strongly suppressed as compared to a higher-order one for certain values of Φ and t/U . In contrast, there is a suitable convergence around Φ = π/2 and Φ = π, and we found good evidence of a CSL in both cases. We thus expect that the Mott phase of the SU(3) Hubbard model on the triangular lattice realizes the same quantum phases and phase transitions as the ones found for the J-K model in Fig. 1 . 
Energy spectrum of the J-K model for ϕ = π as a function of |K|/J (left), and energy spectrum of the full effective spin model as a function of t/U for Φ = π (right) from ED and VMC on the 21-site cluster. As in Fig. 2 , we identify two phases: i) 3-SL LRO, when the first excitation belongs to the irrep 8 (black circles) in ED, or when the 3-SL ordered variational state (brown line) is the lowest in energy in VMC; ii) a CSL, when the first excited states in ED are singlets (red and green), or when the VMC ground state has a non-zero flux (blue). In the CSL, there are six low-lying chiral states in total, as it should: a fourfold degenerate one (red) and two non-degenerate ones (blue and green).
Regarding cold atom experiments, we note that the most interesting case Φ = π realizing the CSL with spontaneous breaking of time-reversal symmetry is also the most accessible experimentally since it does not require an artificial gauge field. The only potential problem is the sign of the hopping term. With the convention of Eq. (1), K/J is positive if t is negative. However, if t > 0, a particle-hole transformation maps the SU(3) Hubbard model at filling 2/3 to the Hubbard model at a filling 1/3 with the opposite sign of t. So, in that case, the CSL will be accessible in the Mott phase with two fermions per site, realizing the3 antifundamental irrep at each site. The experimental observation of such a CSL is therefore within reach with existing technology using ultra cold alkaline rare earth atoms in optical lattices.
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The first parts of these Supplementary Materials give a detailed description of the derivation of the effective model and its properties like the convergence as well as ED on finite clusters. The final parts give details about the VMC states on the 36-site cluster and give additional information on the chiral states.
DERIVATION OF THE EFFECTIVE MODEL
The effective model is derived by a linked-cluster expansion (LCE), where all contributing clusters are studied with degenerate perturbation theory. In the following we explain the basic idea of the LCE and define the main steps of the perturbation theory before giving detailed information about the derivation of the fifth-order effective SU(N )-Hubbard model for an average filling of one particle per site in the strong-coupling limit. A similar approach was successfully applied to the SU(2)-Hubbard model in [39] .
A LCE is a technique to extend results on finite clusters to the thermodynamic limit. Let us consider a generic problem on an arbitrary lattice in the thermodynamic limit and an extensive quantity P . Then the ratio P/n with the number of lattice sites n is given by a weighted sum over all topological different clusters c
The multiplicity L(c) is the number of ways in which a cluster can be embedded on the infinite lattice and determines the impact of each cluster. The weight of a cluster W P (c) to the property P is given by the inclusion-exclusion principle. This means that only reduced contributions appearing on the considered cluster but not on its subclusters are taken into account
One calculates the physical property P (c) on cluster c and subtracts the weights of all subclusters s. Evidently, all processes on a disconnected cluster are already included in the sum of its pieces and their weights vanish. Therefore, only linked clusters contribute and the weight of a cluster contains only properties that arise from all bonds of the cluster. This fact can be used to calculate the weights directly with a white-graph expansion [34] , which makes the subtraction unnecessary. In the form of Eq. (S1) the LCE includes every contribution of linked clusters on the full lattice via an infinite sum and is not perturbative. If one applies it though, one has to find a way to truncate the series.
On every linked-cluster we use degenerate perturbation theory, which was first applied in the context of the halffilled Hubbard model at low temperature in 1977 by Takahashi [36] . We consider a general Hamiltonian H which is acting on the Hilbert space H. The Hamiltonian is split up into two parts
such that the first part H 0 has degenerate ground states defined in the subspace H 0 of H with the eigenenergy E 0 and the perturbation V . The goal is to find an effective Hamiltonian H eff describing H for small perturbations, which is defined in the subspace H 0 by an isometric linear transformation of the form
with the transformation matrix Γ. The formal construction of this matrix is derived in Takahashi's paper up to infinite orders in terms of a projection operator P into the subspace H 0 and a resolvent operator S = (1 − P )/(H 0 − E 0 ). Here we give the effective Hamiltonian in third-order to illustrate what kind of calculations are required
The effective Hamiltonian consists of terms with combinations of perturbation V , projection P and resolvent operators S, wherein the projections enclosing each term ensure that the effective model is defined in H 0 . second-order third-order fourth-order fourth-order fifth-order fifth-order For the SU(N )-Hubbard model with a uniform flux Φ in the strong-coupling limit the unperturbed Hamiltonian H 0 is given by the Hubbard interaction that is t → 0 in Eq. (1) of the main article. In the following we always give effective Hamiltonians and effective couplings in units of U . Considering an average filling of one particle per site the ground state subspace H 0 is spanned by all states without multiple occupied sites, namely pure spin states. The hopping term is then taken into account as the perturbation V . When V is applied on a ground state it always leads to an excited state with one double occupied site. As a first simple conclusion all terms including P V P in the transformation vanish. All relevant linked-clusters in the LCE are determined by the following condition. A linked-cluster contributes to the LCE, if the number of links that are part of a loop plus twice the number of links that are not part of a loop is smaller than the order. The factor two arises because a single hopping on a link that is not part of a loop leads to an excited state and the contribution vanishes after projection P . For example, the linked-cluster of a triangle plus an additional site starts to contribute only in order five.
On a finite cluster for arbitrary N , that is possibly larger than the number of sites n, the basis of spin states consists of all states with maximal n different spin colors. Actually, the cases where N < n are all included within the case N = n and one has to consider only a basis of N ! states for every linked-cluster.
In this work we use a very appealing LCE approach along the lines of a white-graph expansion [34] , which originally was set up to reduce the number of separate linked-cluster calculations. Here we use it to simplify the subtraction process, as well as to include complex phases. To this end, every bond on a linked-cluster is labeled with a different exchange constant during the calculation. For instance, on the triangle we take three exchange constants h 1 , h 2 and h 3 connecting different sites. The perturbation is written as
The subtraction of the so derived effective Hamiltonian is then achieved by taking only terms that include every exchange constant at least once and hence emerge from perturbations that link the whole cluster. This procedure can be extended to include complex phase factors by splitting up the hopping process on a link into the hopping from left to right and from right to left. For the triangle one can choose
The complex phase can then be included by setting h 1A = h 1 e iΦ = h * 1B . In order five on the triangular lattice six linked-clusters give a non-zero contribution, namely the dimer, the trimer, the triangle, a triangle with one additional site, a four-site and a five-site loop. They are all depicted in Tab. I. For each cluster one derives the associated effective Hamiltonian, where we perform the subtraction directly as described above. These Hamiltonians can already be written in a compact form with permutation operators P ij interchanging the spins on sites i and j. For instance the effective subtracted Hamiltonian of the triangle in order three is
eff, triangle =Ã triangle +B triangle (P 12 + P 23 + P 13 ) +C triangle P 12 P 23 +C * triangle P 32 P 21 with the parameters
Every linked-cluster yields a different set of exchanges that are embedded on the full infinite lattice in the second step. Some of these exchanges are unique to the specific cluster, e.g. the ring-exchange on the five-site loop in order five. Here the embedding becomes trivial. Other interactions emerge from contributions of a variety of linked-clusters in the thermodynamic limit like the nearest-neighbor exchange. In third order it arises from the dimer with a single possibility for the embedding and the triangle, which possess two options to align with one edge to a single bond. The effective coupling constant in the thermodynamic limit then reads
Extending these calculations to order five for all appearing interactions leads to the effective model given in the next Section.
EFFECTIVE MODEL
The effective fifth-order model is given by the Hamiltonian
where the pictogram underneath every sum indicates which sites on the full lattice are addressed. This has to be understood as follows. The indicated graphs are not allowed to be changed in the angles between links (e.g. the graph of L 3sp d
can not be transformed into that of L 3sp s ), however every possibility of rotation has to be included (e.g. the graph of L 3sp d can be rotated around the axis defined by i and j by π). Then every distinct set of sites contributes to the Hamiltonian. Products of permutation operators are written in a short form when they act on the same site, for instance P ijk ≡ P ij P jk . The prefactors are (S8)
The representation of the effective model given above is not unique for real exchange constants if N < 5. This is due to the fact that consecutive permutations acting on more sites than spin colors in the model can be rewritten in terms of sums of various other permutation operators. The best known example occurs for the three-site permutation acting on SU(2) spins, which can be expressed by two-site permutations plus a constant. The situation becomes much richer if one considers permutations between more spins. For instance in the case of SU (3) spins the four-site permutation can be rewritten in terms of two-spin, three-spin and various four-spin interactions S1 . Ratio of effective coupling constants K/J depending on t/U for Φ = π using bare series up to order five (green) as well as Padé extrapolations (cyan, blue). The inset shows a similar plot for the three-site ring exchange K by itself. The dark yellow background indicates the area, where the CSL is observed within ED and VMC, whereas the light yellow corresponds to its prediction in only VMC both for the fifth-order effective model.
can be written as functions of t/U and Φ and can in principle be used for the whole phase diagram. Since they are rational functions though, unphysical divergencies emerge at certain points. In the area around such a point one has to use the bare series. In this respect we found a composition of [3, 2] -Padé extrapolations for E 0 , J and
and L order are shown as bare fifth-, fourth-and third-order series (full, long dashes, short dashes) and if possible as Padé extrapolations (mostly diamonds) in a double logartithmic plot in Fig. S2 . This representation directly indicates the leading orders and allows to extract the ratios of t/U where higher-order contributions become influential. Note that Padé extrapolations of series starting only in higher orders can not be calculated directly, when the exponent of the numerator is smaller than the starting order of the series. This can be resolved by considering the series in units of (t/U ) or (t 2 /U 2 ) for the extrapolation. around Φ ≈ 0.55π and Φ ≈ 0.75π depending on t/U . Here one also has to use the bare series. However, for Φ = π/2 the set-up of extrapolations as described for Φ = π works. Since we also see the signature of the CSL phase in this area, we show the convergence behavior for Φ = π/2 in Fig. S3 and Fig. S4 . For this special case a number of interesting and subtle features of the model become clear, which we discuss in the following. Note at first that the three-site ring exchange K is purely imaginary only in order three. The fourth-order term partly arises from fluctuations around two triangles leading to a flux of 2Φ, therefore a real part is present in higher orders. Similarly, the imaginary part of the fourth-order contribution to the four-site ring exchange vanishes and it effectively becomes an order five term. As a consequence the model is dominated by a real nearest-neigbor and an imagninary three-site ring exchange. For exactly this subset of interactions the CSL phase was found in [21] . The ratios of Padé extrapolants for the imaginary part of −K and the real quantity J (green) and the direct Padé extrapolation of the ratio −ImK/J (black) are shown in Fig. S4 . We see that in the regime of interest in t/U not only the extrapolations, but also the bare fifth-order (solid line) series are well converged.
As we realized for Φ = π/2, cancellation effects of different orders at specific values of the flux Φ lead to subtleties in the convergence behavior. For most parts of the phase diagram we find a good convergence by comparing the ED and VMC results in different orders. It is only in the area around Φ ≈ 3π/4 that the results between fourth-and fifth-order change qualitatively. A possible explanation for this is the vanishing real part of the leading fourth-order ring exchange in order five, due to an alternating behavior in contrast to a large monotonic five-site ring-exchange. The interplay of these two effects arises only in order five. [2, 2] and [2, 3] are identical at Φ = π/2. The background colors can be understood as in Fig. S1 .
COMPARISON OF ED ON THE 12-AND 21-SITE CLUSTER
In the following we give energy spectra from ED on the 12-site cluster with PBC for the comparison with the spectra from the 21-site cluster in the main article. The low-energy states of both clusters are identified by symmetry eigenvalues and corresponding states are colored in the same way. The detailed description of the symmetries is discussed below.
For the J-K model the spectrum for constant ReK/J = 0.37 and varying phase ϕ on 12 sites is shown in Fig. S5  including a zoom on the ϕ ∈ [0.98π, π] on the right hand side. The corresponding 21 sites spectrum is shown in the left panel of Fig. 2 in the main text. Qualitatively the spectra from both clusters look very similar, since the same low-energy states and level crossings are present. The most relevant difference can be seen in the regime of the CSL phase for 0.5π ϕ < π. Here the energy gap between the non-degenerate ground state (blue) and the two-fold degenerate first excited state (red) with respect to the energy gap to the second excited state (green) is much smaller for the 21-site cluster in comparison to the 12-site cluster. For the special case of ϕ = π the order of the six CSL ground states is interchanged between 12 and 21 sites. More importantly, the states of the CSL ground state manifold lie much closer together on 21 sites in comparison to 12 sites and show a larger gap to the states above. The spectrum of the J-K model at ϕ = π and of the effective spin model at Φ = π for 12 sites are shown in the left and right panel of Fig. S6 respectively. The spectra for corresponding parameters for the 21-site cluster are given in Fig. 4 of the main text. Again the same six low-energy states occur on both clusters. In contrast to the 21-site cluster they are intertwinned on 12 sites by one other state, hence the signature of the CSL phase breaking time-reversal symmetry spontaneously becomes clearer with increasing system size.
VMC PHASE DIAGRAM FOR 36 SITES
Here we give a detailed list of the different variational states we considered for the phase diagram shown in Fig. 1 . of the main text, and the variational parameters in each case. We start from a nearest-neighbor non-interacting model
where α denotes the color, and c Gutzwiller projection excludes the charge fluctuations and guarantees the strict one fermion per site filling.
Chiral spin liquid states-To create spin liquid variational states, we set all the µ i,α onsite terms to zero, and the t α i,j hopping amplitudes to unit magnitude. The phases of the hopping amplitudes are set up using the string gauge [21, 41] , so that the total phase or flux on every triangular plaquette is the same. We considered the cases with kπ/6-flux (k ∈ Z) per plaquette. We also made calculations on states with opposite fluxes on up and down triangles with fluxes ±kπ/3.
Plaquette ordered states-By increasing the magnitude of the hopping amplitudes around distinct triangles in Eq. (S10) we can create variational states with stronger bonds around these triangles. We considered all the possible plaquette coverings on the 36-site system, with a uniform zero-or π-flux per plaquette, changing the magnitude of hoppings around the plaquettes from 0.5 to 2 (the magnitude of the other hopping amplitudes were set to 1). In the special case of the all-up plaquette covering (shown in Fig. S7 ) we considered additional flux configurations with either zero-or π-flux per plaquette for each of the three different types of triangles, respectively (up triangles with 3 strong bonds, down triangles with 1 strong bond, up triangles with no strong bond). We also checked the all-up plaquette order with a uniform kπ/6-flux (k ∈ Z) per plaquette.
Color order -If the chemical potentials are different for different colors, the resulting variational states will have SU(N ) symmetry breaking color order. We considered states with a three-sublattice color order as shown in Fig. S7 , by setting −2 ≤ µ i,α < 0 on sublattice α. We combined this color order with the all-up plaquette order of the previous point, changing two variational parameters simultaneously. We made such calculations for each of the uniform kπ/6-flux (k ∈ Z) cases.
Winners-Among all the above scenarios, we found three cases to be present in the phase diagram of the J − K model. The three-sublattice color-ordered state with 0-flux per plaquette appears around the K = 0 nearest-neighbor Heisenberg model and in the area where ReK/J < 0 and ϕ < π/2. For values ReK/J > 0 and ϕ > π/2 the π/3-flux per plaquette CSL state becomes the lowest in energy, as discussed in the main text. We also found signs of a different, 2π/3-flux CSL for large K/J 1.2 on the ϕ > 3π/4 side of the phase diagram (see Fig. S8 ). A similar phase was reported by Lai [19] for K/J 6 at ϕ = π using mean-field methods.
CHIRAL STATES
The signature of the chiral states at Φ = π is explained in detail in the main text, where we identified states between ED and VMC as well as on different clusters by the symmetries of the states. Here we define the symmetry operators and give the eigenvalues of the chiral states. Fig. 1 of the main text. For ReK/J > 1.2 and for ϕ close to π we find a 2π/3-flux chiral phase (brown). The region (light yellow) between the 3-sublattice long range ordered (white) and the π/3-flux chiral phase (light orange) corresponds to variational states with long-range order and π/6-flux through each triangular plaquette. We believe that it is only a result of the finite resolution of the variational parameters, as the area shrunk once we took a denser sweep.
Let the lattice constant be a and the lattice vectors r 1 = (a, 0) and r 2 = a(cos(π/3), sin(π/3). Then the translation operator T 1 (T 2 ) is defined by a translation along r 1 ( r 2 ). Furthermore, we define a rotation operator R π/3 , which rotates counterclockwise by an angle π/3. Note that translations and rotation do not have a joint eigenbasis and we mark the eigenstates of H and R π/3 with a star. The eigenvalues for the six chiral states at the flux value Φ = π are given in Tab. II, III and IV. Away from the Φ = π point the |Ψ * 2 and |Ψ * 3 states belong to complex one-dimensional irreducible representations of the C 6 group, but they are degenerate due to the equivalence of the K and K points in the Brillouin zone. Similarly, |Ψ * 5 and |Ψ * 6 are degenerate. At Φ = π these four states become degenerate due to the restored time-reversal symmetry, at this point |Ψ * 2 and |Ψ * 5 form a pair corresponding to the two-dimensional real E 2 irreducible representation of C 6 , while |Ψ * 3 and |Ψ * 6 form a pair corresponding to the two-dimensional real E 1 irreducible representation. Note that for the 21-site cluster the |Ψ 1 and |Ψ 4 states belong to the one-dimensional B irrep of C 6 , while for 12 sites they belong to the A irrep, which is an artifact of the different cluster geometries.
With VMC we calculated the symmetry properties of the chiral states for larger clusters as well. For systems where the vectors defining the torus lie in the r 1 and r 2 directions all six chiral states have a wave vector zero. The smallest such example is the 36-site cluster for which we provide the symmetry properties in Tab. IV. For this case, all six states are non-degenerate if Φ = π. For Φ = π a pair of states becomes degenerate, and the rest remain non-degenerate.
As an additional information we give the phase transition points in ED and VMC on 21 sites at Φ = π/2. With ED we find t/U | ≈ 0.04. This is plausible, since the VMC captures CSL phases more naturally than long-range ordered phases and one expects the corresponding energies to minimize better. 
